Abstract. We study the extended quadratic residue code of length 24 over Z 3 and its lifts to rings Z 3 e for all e including 3-adic integers ring. We completely determine the weight enumerators of all these lifts.
Introduction
Let R be a ring. A linear code of length n over R is a R-submodule of R n . We define an inner product on R n by (x, y) = n i=1 x i y i where x = (x 1 , · · · , x n ) and y = (y 1 , · · · , y n ). The dual code C ⊥ of a code C of length n is defined to be C ⊥ = {y ∈ R n | (y, x) = 0 for all x ∈ C}. C is self-dual if C = C ⊥ . For v ∈ R n , the weight wt(v) of v is defined to be the number of nonzero components of v. The minimum distance of a code C is the minimum of wt(v) for nonzero v ∈ C. For generality on codes over fields, we refer [5] and [8] . For codes over Z m , see [12] , and for self dual codes, see [11] . Now we define the quadratic residue codes over Z 3 [8] . Let be the set of nonzero quadratic residues modulo 23, N the set of quadratic nonresidues modulo 23. Note that 3 is a quadratic residue modulo 23. Since 3 23, there exists a 23 rd primitive root ζ of 1 over Z 3 . Let
The order of 3 modulo 23 is 11. Hence the cyclotomic cosets modulo 23 over Z 3 are given by {0}, Q, N . Therefore, Q(x) and N (x) are polynomials in Z 3 [x] . See [7] for detail. Indeed, we can choose an ζ such that
We have that
Notice that the choice of Q(x) and N (x) depends on the choice of the primitive root ζ. In fact, the replacement of ζ by ζ i with i ∈ N interchanges Q(x) and N (x). Definition 1.1. Cyclic codes Q, Q 1 , N , N 1 of length 23 with generator polynomials
respectively, are called quadratic residue codes defined over Z 3 .
We extend Q and N by adding the overall parity check 1. The resulting extended codes will be denoted byQ andN .
We have the following well-known results on quadratic residue codes defined over the field Z 3 .
Denote by Z 3 e the ring of integers modulo 3 e , and Z 3 ∞ the ring of 3-adic integers. In next section we are going to lift these quadratic residue codes over Z 3 e and to the 3-adic integers Z 3 ∞ .
Quadratic residue codes over Z 3 e
Quadratic residue codes over Z 3 e are usually defined by giving their idempotent generators. See [10] for quadratic residue codes over Z 16 and [15] for codes over Z 9 for example. However it is generally difficult to give general formulas for such generators. We will define quadratic residue codes over Z 3 e in a similar way as in the field case. The 3-adic case (e = ∞) is also included here. The idempotent generators for quadratic residue codes over Z 3 e can be obtained from idempotent generators of quadratic residue codes over Z 3 ∞ . For codes over p-adic integers, we refer [3] .
Let Q 3 denote the field of 3-adic numbers. Let K be the splitting field of x 23 − 1 over Q 3 . Since the roots of x 23 − 1 in K form a multiplicative group of order 23, it is clear that there exists an element ζ such that
. By considering the map
and extending it to Z 3 ∞ [ζ], we can easily see that
Z 3 e [ζ] is a Galois ring defined over Z 3 e . Elements in Z 3 e [ζ] can be written uniquely in a ζ-adic
where u i ∈ {0, 1, ζ, · · · , ζ 22 } Z 23 , the finite field of 23 elements. In 3-adic integer case, this sum is infinite. The automorphism group of Z 3 e [ζ] over Z 3 e is the cyclic group generated by the Frobenius automorphism
We refer [1] or [9] for details. As in the field case, we let
Since 3 ∈ Q we have
and similarly F(N e (x)) = N e (x). Thus Q(x) and N (x) are polynomials in Z 3 e [x]. We certainly have that
and for all e ≥ e,
Definition
where
and λ is a root of x 2 + x + 6 = 0 in Z 3 ∞ such that λ ≡ 0 (mod 3). The polynomial N ∞ (x) is obtained from Q ∞ (x) by replacing λ by another root µ of x 2 + x + 6 = 0. Note that µ = −λ − 1. For details, we refer [6] , [13] and [14] .
Then the generator polynomials over Z 3 e can be obtained by applying the projection Ψ e : Q e (x) = Ψ e (Q ∞ (x)), N e (x) = Ψ e (N ∞ (x)).
Weight enumerators
Let p be a prime. Let C be a p-adic [n, k] code, C e = Ψ e (C) be the projection of C over Z p e and A Lifts of the ternary quadratic residue code of length 24
529
Theorem 3.1 (MacWilliams Identity). Let q = p e and C = C e . Then
The following theorem is essentially proved in [8] and [11] .
Theorem 3.2 (Gleason's type theorem). Suppose C is a self-dual code over Z p e of even length. Then W C (x, y) is a polynomial in x 2 + (p e − 1)y 2 and xy − y 2 .
We know that the minimum distance of C e is equal to the minimum distance of C 1 for all e (see [2] ). The following theorem is also proved in [2] . Moreover, the following theorem shows that we can stop the computation of A i 's at the appropriate stage without knowing the bound N given in the previous theorem.. Therefore we have completely determined all weight enumerators of the extended quadratic residue codes of length 24 over Z 3 e .
